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Abstract
Let G be a locally compact amenable group, BðGÞ its Fourier–Stieltjes algebra and I be a
closed ideal of it. In this paper we prove the following result: The ideal I has a unit element iff
it is principal. This is the noncommutative version of the Glicksberg–Host–Parreau Theorem.
The paper also contains an abstract version of this theorem.
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1. Introduction
Let G be a locally compact abelian group, L1ðGÞ be its group algebra and MðGÞ be
its measure algebra. Let mAMðGÞ be a given measure. If m is the product of an
invertible measure l and an idempotent measure y (i.e. m ¼ l  y) then the ideal
m  L1ðGÞ is obviously closed in L1ðGÞ: The problem whether the converse is also
true, which was raised by Hewitt, has been ﬁrst studied by Glicksberg [5] and later by
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Host and Parreau, who completely solved it in their quite impressive paper [7]. Thus
m  L1ðGÞ is closed in L1ðGÞ iff m is the product of an invertible measure l and an
idempotent measure y: This is the Glicksberg–Host–Parreau Theorem. It is easy to
see (Lemma 2.1) that this theorem is equivalent to the statement: A closed ideal I of
MðGÞ is unital iff it is of the form I ¼ m  MðGÞ for some measure mAMðGÞ: As far
as we know the literature on the subject, the noncommutative version of this theorem
is not known. Our aim in this paper is to establish the analogue of the Glicksberg–
Host–Parreau Theorem for the Fourier algebra AðGÞ of a locally compact amenable
group G: The proof given by Host and Parreau, which is the only proof available of
this theorem as of the day, is highly abelian-group theoretical and it does not seem
possible to adapt it to noncommutative case. So we have had to take a completely
different path. Our proof is entirely functional analytic, elementary and self-
contained. We ﬁrst establish the following general result, which is one of our main
results: Let X be a Banach space and L : X-X be a continuous linear operator with
closed range. Suppose that B ¼ X  is a commutative semisimple unital Banach
algebra under some multiplication and that L is a multiplier on it. Then the ideal
LðBÞ has a unit element iff KerðL2Þ ¼ KerðLÞ: To see the relevance of this result to
the result stated in the abstract, let G be a locally compact amenable group and
X ¼ CðGÞ be the group C-algebra of G: Then X  ¼ BðGÞ; the Fourier–Stieltjes
algebra of the group G: This is a commutative unital semisimple Banach algebra.
Moreover, for uABðGÞ ﬁxed, since the multiplication operator v/uv is continuous
on BðGÞ for the weak-star topology of this space, BðGÞu ¼ LðBðGÞÞ for some
continuous linear operator L : CðGÞ-CðGÞ such that LðvÞ ¼ vu: Now suppose
that the ideal I ¼ BðGÞu is closed in BðGÞ: The preceding result says that the ideal
BðGÞu is unital iff we have KerðL2Þ ¼ KerðLÞ: As for the equality KerðL2Þ ¼ KerðLÞ;
it is a consequence of the fact that the Fourier algebra AðGÞ of G is Tauberian
(Lemma 2.6). If we take a commutative locally compact group G and X ¼ C0ðGÞ;
then we obtain the Glicksberg–Host–Parreau Theorem in its full generality. In
Section 3, we present an abstract version of the Glicksberg–Host–Parreau Theorem.
To this end, let A be a commutative semisimple, regular Tauberian Banach algebra
with a BAI (¼ bounded approximate identity) and that every open subset of DðAÞ is
a u-set with respect to the algebra A: (This notion is deﬁned in the text and also in
[16].) Let AA ¼ f fa : aAA and fAAg; where fa is the functional deﬁned on A by
/fa; bS ¼ /f ; abS: This is a closed subspace of A [9, 32.22]. Suppose that the
multiplier algebra MðAÞ of A can be identiﬁed with the dual of a closed subspace X
of AA; which is invariant under each T ðTAMðAÞÞ: Then, for TAMðAÞ; the ideal
TðAÞ is closed in A iff T factors as the product of an invertible multiplier and an
idempotent multiplier. Equivalently, the closed unital ideals of MðAÞ are exactly the
principal ones (i.e. The closed ideals of the form T3MðAÞ ¼ fT3S : SAMðAÞg for
some TAMðAÞ). This result (Theorem 3.7), which is the second main result of the
paper, can be considered as an abstract form of the Glicksberg–Host–Parreau
Theorem. The following simple example shows that the hypotheses imposed on A in
the main (abstract) results are necessary. Indeed, let A be the disk algebra; the
algebra A is commutative semisimple and unital. As A is unital, MðAÞ ¼ A: Let
uðzÞ ¼ z: Then Au ¼ faAA : að0Þ ¼ 0g: The ideal Au ¼ MðAÞu is closed in MðAÞ but
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is not unital. The reader will observe here that not only the ideal Au but the ideal
Au2 ¼ faAA : a0ð0Þ ¼ að0Þ ¼ 0g is also closed in A and that, in spite of this fact,
dðuÞ ¼ inffjuðzÞj : jzjp1 and uðzÞa0g ¼ 0: The algebra MðAÞ ¼ A is of course not a
dual space; nor is MðAÞu2 dense in MðAÞu: For related results we refer the reader to
the works [1], [11, Chapter 4], [12,16,17].
2. Closed unital ideals of the algebra BðGÞ
In this section our aim is to prove that the unital closed ideals of BðGÞ (for G
amenable) are exactly the principal ones. The terminology and notation we use are
quite standard and they are essentially those introduced in the preceding section.
Some other pieces of terminology will be introduced later on when and where
needed. We start with a couple of preliminary results. The ﬁrst lemma is known; the
equivalence of (a) to (b) is proved in [1], and the equivalence of (b) to (c) is proved
in [16]. For the sake of completeness we include a proof of it, which is quite
short.
Lemma 2.1. Let A be a commutative semisimple Banach algebra with a BAI and
T : A-A be a multiplier. Then the following three assertions are equivalent:
(a) T factors as a product of an invertible multiplier and an idempotent multiplier.
(b) The ideal TðAÞ is closed in A and has a BAI.
(c) The ideal T3MðAÞ ¼ fT3S : SAMðAÞg is closed in MðAÞ and has a unit
element.
Proof. Implication ðaÞ ) ðbÞ is obvious since an idempotent multiplier is a
homomorphism. To prove implication ðbÞ ) ðcÞ; suppose that (b) holds. Then
observe that, by Cohen’s Factorization Theorem [9, 32.26], A ¼ AA and TðAÞ ¼
TðAÞTðAÞ: Hence T2ðAÞ ¼ TðAÞ: So, given any aAA; there is a bAA such that
T2ðbÞ ¼ TðaÞ: This shows that a 
 TðbÞ belongs to KerðTÞ: On the other hand, since
A is semisimple, TðAÞ-KerðTÞ ¼ f0g: Then the decomposition a ¼ TðbÞ þ ða 

TðbÞÞ shows that A is the direct sum of the closed ideals TðAÞ and KerðTÞ: Since
both TðAÞ and KerðTÞ are ideals, every bounded projection y from A onto TðAÞ is
an idempotent multiplier. It is clear that for such a y; we have T3y ¼ T : Hence we
have the factorization of T ¼ y3ðT 
 I þ yÞ; where y is an idempotent multiplier and
R ¼ T 
 I þ y an invertible one since its Gelfand transform does not vanish on the
Gelfand spectrum of MðAÞ:
Finally to prove implication ðcÞ ) ðaÞ; suppose that T3MðAÞ is closed
in MðAÞ and has a unit element, say y ¼ T3U : Then y is an idempotent and, since
T ¼ T3I is in T3MðAÞ; y3T ¼ T : Hence T ¼ y3ðT þ I 
 yÞ; with R ¼ T þ I 
 y
invertible. &
As this lemma makes clear, the main difﬁculty in proving the analogue of the
Glicksberg–Host–Parreau Theorem for the Fourier algebra AðGÞ (or for an abstract
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Banach algebra A) lies in proving that the ideal T3MðAÞ has a unit element as soon
as it is closed. It is our purpose in this paper to prove that, under the appropriate
hypotheses, the ideal T3MðAÞ has a unit element whenever it is closed. To this end
we need some preliminary results with which we proceed. The next couple of results
are purely Banach space theoretical and are simple applications of the Hahn–Banach
Theorem.
Lemma 2.2. Let X be a Banach space and L : X-X be a continuous linear operator
with closed range. Then KerðLÞ ¼ KerðLÞ; where KerðLÞ is the weak-star closure of
KerðLÞ in the space X :
Proof. The space KerðLÞ being weak-star closed in X ; the inclusion
KerðLÞDKerðLÞ is obvious. To prove the reverse inclusion, suppose that we
have an element u in KerðLÞ which is not in KerðLÞ: Then, by the Hahn–Banach
Theorem, there is a functional fAX  such that /f ; uSa0 and f vanishes on KerðLÞ;
i.e. fAKerðLÞ>: As LðXÞ is closed in X ; LðX Þ is weak-star closed in X : This
implies (again by the Hahn–Banach Theorem) that KerðLÞ> ¼ LðX Þ: Hence
f ¼ LðgÞ for some gAX : This implies that /f ; uS ¼ /g; LðuÞS ¼ 0: This
contradiction proves the equality KerðLÞ ¼ KerðLÞ: &
Proposition 2.3. Let X be a Banach space and L : X-X be a continuous linear
operator with closed range. Then the following assertions are equivalent:
(a) KerðL2Þ ¼ KerðLÞ:
(b) LðX Þ þ KerðLÞ ¼ X :
(c) LðLðX ÞÞ ¼ LðX Þ:
Proof. ðaÞ ) ðbÞ: Suppose that KerðL2Þ ¼ KerðLÞ: Then, by Lemma 2.2,
KerðL2Þ ¼ KerðLÞ: Now suppose, to get a contradiction, that there exists a
functional fAX  which is not in the space LðX Þ þ KerðLÞ: Then there exists an
element uAX  such that /u; fSa0 and u vanishes both on LðX Þ and
KerðLÞ: Since u vanishes on LðX Þ; LðuÞ ¼ 0: Since u also vanishes on
KerðLÞ and since KerðLÞ> ¼ LðX Þ; u ¼ LðvÞ for some vAX : Here we use
the fact that LðX Þ is weak-star closed in X  to afﬁrm that KerðLÞ> ¼ LðX Þ:
Hence LðLðvÞÞ ¼ LðuÞ ¼ 0: So, since KerðL2Þ ¼ KerðLÞ; LðvÞ ¼ 0:
But then
/u; fS ¼ /LðvÞ; fS ¼ 0:
This contradiction proves implication ðaÞ ) ðbÞ:
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To prove implication ðbÞ ) ðcÞ; it is enough to observe that
LðX Þ ¼ Lð LðX Þ þ KerðLÞ ÞDLðLðX Þ þ KerðLÞÞ ¼ LðLðX Þ:
As LðX Þ is closed in X ; we conclude that LðLðX ÞÞ ¼ LðX Þ:
Finally, to prove implication ðcÞ ) ðaÞ; since always KerðLÞDKerðL2Þ; it is
enough to show that KerðL2ÞDKerðLÞ: Let xAKerðL2Þ be a point. If xeKerðLÞ then,
for some fAKerðLÞ>; we must have /f ; xSa0: Since KerðLÞ> ¼ LðX Þ; f ¼
LðgÞ for some gAX : As LðLðX ÞÞ ¼ LðX Þ; f ¼ limn-N LðLðgnÞÞ for some
sequence ðgnÞnAN in X : But then
/f ; xS ¼ lim
n-N
/LðLðgnÞÞ; xS ¼ lim
n-N
/gn; L2ðxÞS ¼ 0:
This contradiction completes the proof. &
Now let B be a commutative semisimple unital Banach algebra, DðBÞ be its
Gelfand spectrum and aAB be a given element for which Ba is closed in B: Let ba
be the Gelfand transform of a and DðaÞ ¼ f fADðBÞ : bað f Þa0g: Put dðaÞ ¼
inffjbað f Þj : fADðaÞg: This quantity need not be strictly positive. Actually, it is
strictly positive iff the set DðaÞ; which is open in DðBÞ; is compact. If this is the case,
by the Shilov idempotent Theorem, the ideal Ba is unital. At this point we remark
that, as the example (disk algebra) at the end of the preceding section shows, the
closedness of the ideal Ba in B does not imply that dðaÞ40: The next result is the
keystone of this paper.
Theorem 2.4. Let B be a commutative semisimple unital Banach algebra and aAB
be a given element for which the ideal Ba is closed in B: Then dðaÞ40 iff Ba2 is dense
in Ba:
Proof. If dðaÞ40 then DðaÞ; which is the Gelfand spectrum of Ba; is compact and the
ideal Ba is unital so that Ba ¼ BaBa ¼ Ba2: So we prove the reverse implication.
Suppose then that Ba2 is dense in Ba: Let T : B-B be the multiplier deﬁned by
TðxÞ ¼ ax: By hypothesis, the range of T is closed. Let y : B-B=KerðTÞ be the
natural surjection and eT : B=KerðTÞ-B be the injection induced by T so that eT3y ¼
T : The linear operator eT is an isomorphism from B=KerðTÞ onto TðBÞ: Then the
adjoint eT : TðBÞ-ðB=KerðTÞÞ of eT is also an isomorphism. As TðBÞ ¼
B=TðBÞ> and ðB=KerðTÞÞ ¼ KerðTÞ> ¼ TðBÞ; we consider eT as an isomorph-
ism from B=TðBÞ> onto TðBÞ: Hence there exist two constants a40 and b40
such that, for fAB;
a : jjf þ TðBÞ>jjpjj eTð f þ TðBÞ>Þjjpb : jjf þ TðBÞ>jj:
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Since TðBÞ> ¼ KerðTÞ; eTð f þ TðBÞ>Þ ¼ eTð f þ KerðTÞÞ ¼ Tð f Þ: Since for
any fAB;
jj f þ TðBÞ>jj ¼ dð f ; KerðTÞÞ;
here dð f ; KerðTÞÞ denotes the distance of f to the subspace KerðTÞ; the above
inequalities become
a : dð f ; KerðTÞÞpjjTð f Þjjpb : dð f ; KerðTÞÞ:
Now let fADðaÞ: Then Tð f Þ ¼ bað f Þf : As B is unital, the norm of f is one so that
jjTð f Þjj ¼ jbað f Þj:
Hence, for fADðaÞ; we have
a : dð f ; KerðTÞÞpjbað f Þjpb : dð f ; KerðTÞÞ:
From these inequalities we conclude that
dðaÞ40 iff dðDðaÞ; KerðTÞÞ40:
So far we did not use the hypothesis that the ideal Ba2 ¼ TðTðBÞÞ is dense in
Ba ¼ TðBÞ; now it is time to use it. Exactly as in the proof of the preceding
proposition, a simple Hahn–Banach argument will show that, TðTðBÞÞ is dense in
TðBÞ iff TðBÞ þ KerðTÞ is dense in B: It is in this latter form that we shall use it. For
a contradiction, assume that dðaÞ ¼ 0: Then dðDðaÞ; KerðTÞÞ ¼ 0: So there exist a
sequence ð fnÞnAN in DðaÞ and a sequence ðgnÞnAN in KerðTÞ such that jj fn 
 gnjj-0;
as n-N: Since the norm of each fn is one, the sequence ðgnÞnAN is bounded. The
Gelfand spectrum of B being compact in the weak-star topology of B; the sequence
ð fnÞnAN has a subnet ð fnaÞaAI that converges in the weak-star topology of B to an
element f of DðBÞ: If necessary, passing still to another subnet, we can suppose that
the net ðgnaÞaAI also converges in the weak-star topology of B to an element g of
KerðTÞ: Now, by the lower semicontinuity of the norm of B with respect to the
weak-star topology of B; we have
jjf 
 gjjplim inf jjfna 
 gna jj ¼ 0:
Hence f ¼ g; and fAKerðTÞ: So f vanishes on TðBÞ ¼ Ba: On the other hand, for
any xAKerðTÞ and any gADðaÞ; /g; xS ¼ 0: Hence, since fnaADðaÞ and fna-f ; f
also vanishes on KerðTÞ: Then, since TðBÞ þ KerðTÞ ¼ B; f ¼ 0 on the whole of B;
which is not possible since fADðBÞ: This contradiction proves that dðaÞ40; and so
Ba has a unit element. &
The next theorem is our ﬁrst main result.
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Theorem 2.5. Let X be a Banach space and L : X-X be a continuous linear operator
whose range is closed. Suppose that B ¼ X  is a commutative semisimple unital Banach
algebra for some multiplication and that T ¼ L is a multiplier on B: Then the ideal
TðBÞ has a unit element iff KerðL2Þ ¼ KerðLÞ:
Proof. First observe that, B being a unital Banach algebra and L being a multiplier
on B; for some aAB; LðxÞ ¼ ax so that LðBÞ ¼ Ba: Now suppose that KerðL2Þ ¼
KerðLÞ: This, by Proposition 2.3, implies that LðLðX ÞÞ ¼ LðX Þ so that Ba2 is
dense in Ba: Then, by the preceding theorem, the ideal TðBÞ ¼ Ba has a unit element.
Conversely, suppose that TðBÞ ¼ Ba has a unit element, say u: Then Ba ¼ Bu and
KerðTÞ ¼ Bð1
 uÞ; where 1 is the unit element of B: Hence TðBÞ þ KerðTÞ ¼
LðX Þ þ KerðLÞ ¼ X ; and so KerðL2Þ ¼ KerðLÞ by Proposition 2.3 again. &
Now we are in a position to prove the result announced in the abstract. To this
end, let G be an arbitrary locally compact group, BðGÞ be its Fourier–Stieltjes
algebra and AðGÞ be its Fourier algebra. The algebra BðGÞ is a commutative
semisimple unital Banach algebra and AðGÞ is a closed ideal of it. Moreover BðGÞ is
the dual of the group C-algebra CðGÞ and that, for uABðGÞ ﬁxed, the
multiplication operator v/vu is continuous in the weak-star topology of BðGÞ:
We also recall that the algebra AðGÞ is a commutative, regular semisimple Tauberian
Banach function algebra. The Gelfand spectrum of AðGÞ; via Dirac measures, is G:
For these results we refer the reader to the paper [4] of Eymard. Moreover, the
algebra AðGÞ has a BAI iff the group G is amenable [15, Theorem 10.4]. In this case,
BðGÞ is the multiplier algebra of AðGÞ [3] or [15, Proposition 19.11].
Now assume that G is amenable, and ﬁx an element u in BðGÞ such that the ideal
BðGÞu is closed in BðGÞ: To the element u we associate the linear operator L :
CðGÞ-CðGÞ deﬁned by Lð f Þ ¼ uf : Here, as usual, uf is the functional on BðGÞ
deﬁned by /uf ; vS ¼ /vu; fS: The operator L is a continuous linear operator on
CðGÞ and LðvÞ ¼ vu so that L is a multiplier on BðGÞ and LðBðGÞÞ ¼ BðGÞu: The
preceding theorem shows that BðGÞu is unital iff KerðL2Þ ¼ KerðLÞ: The next result
shows that, when G is amenable, the equality KerðL2Þ ¼ KerðLÞ holds automatically
as a consequence of the fact that the algebra AðGÞ is Tauberian. See also Lemma 3.3
and Theorem 3.4 below.
Lemma 2.6. Let G be a locally compact amenable group and u be an element of BðGÞ
such that the ideal BðGÞu is closed in BðGÞ: Let L : CðGÞ-CðGÞ be the linear
operator defined by Lð f Þ ¼ uf : Then KerðL2Þ ¼ KerðLÞ:
Proof. Let T : AðGÞ-AðGÞ be the multiplier deﬁned by TðaÞ ¼ au: It is clear that,
for aAAðGÞ; TðaÞ ¼ LðaÞ ¼ au: As G is amenable, CðGÞ is a subspace of VNðGÞ ¼
AðGÞ and, for fACðGÞ; the functional Lð f Þ ¼ Tð f Þ ¼ uf ; being in CðGÞ;
is in VNðGÞ: Hence, for an fACðGÞ; to show that uf ¼ 0 as an element of
CðGÞ it is enough to show that uf ¼ 0 as a functional on AðGÞ: Now, since
BðGÞu is closed in BðGÞ; by Lemma 3.1 below, the ideal AðGÞu is closed in AðGÞ: Let
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F ¼ fgAG : aðgÞ ¼ 0g and O ¼ G\F : The set F is the hull of the ideal AðGÞu and the
set O is its Gelfand spectrum.
Step 1: In this step our aim is to show that the set O; which is open in G; is also
closed in G: To prove that O is closed in G; the following is the main property we
need:
8fAO (aAAðGÞ such that að f Þ ¼ 1; jjajjp1 and
the support of a is contained in O:
To see that this property holds, let fAO be a given point. Then let U be a compact
neighborhood of the identity element of G such that fUU
1-F ¼ |: Let b ¼ wUmðUÞ and
c ¼ wfU : Here wU is the characteristic function of U and m is the left Haar measure of
G: The functions b and c are both in L2ðGÞ so that a ¼ c  b3 (here b3ðgÞ ¼ bðg
1ÞÞ
is in AðGÞ; its norm is one, að f Þ ¼ 1 and the support of a is contained in O:
Now let I be the closure of the ideal
fxAAðGÞ : The support of x is compact and x ¼ 0
on an open set Ox containing Fg:
The ideal I is the smallest closed ideal whose hull is F [2, Proposition 4.1.20, p. 414].
Since AðGÞu is a closed ideal of AðGÞ and its hull is F ; IDAðGÞu: Let CcðGÞ be the
space of the continuous functions on G with compact support. Now let ðanÞnAN be a
sequence in AðGÞ-CcðGÞ that converges to a: Since AðGÞ is Tauberian, such a
sequence exists. Since aanAI ; we conclude that a2ATðAðGÞÞ: Hence a2 ¼ TðbÞ for
some bAAðGÞ: Since TðAðGÞÞ is closed in AðGÞ; by The Open Mapping Theorem, we
can assume that the norm of b is less than a certain constant c; which does not
depend on a or f : This constant being independent from the f chosen in O and
jbð f Þjpjjbjj; we have
1 ¼ a2ð f Þ ¼ /TðbÞ; fS ¼ uð f Þbð f Þpjuð f Þj : c
so that inffjuð f Þj : fAOgX1=c: Hence dðuÞ ¼ inffjuð f Þj : fAOgX1=c40: This, by
continuity of u; implies that O is closed in G:
Step 2: In this step our aim is to show that the ideal TðAðGÞÞ þ KerðTÞ is dense in
AðGÞ: To see this let us ﬁrst see that O is the hull of the ideal KerðTÞ: To prove this
latter point, the inclusion ODHullðKerðTÞÞ being clear, we prove the reverse
inclusion. Let, if there is any, f be a point in HullðKerðTÞÞ\O: Then, the algebra
AðGÞ being regular, there is an element aAAðGÞ such that að f Þ ¼ 1 and a ¼ 0 on O:
Then au ¼ 0 on G so that aAKerðTÞ; which is not possible since fAHullðKerðTÞÞ
and að f Þ ¼ 1: This contradiction shows that HullðKerðTÞÞ ¼ O: This implies that
the hull of the ideal TðAðGÞÞ þ KerðTÞ is empty. The algebra AðGÞ being Tauberian,
this in turn implies that the ideal TðAðGÞÞ þ KerðTÞ is dense in AðGÞ:
Step 3: Finally, let us see that KerðL2Þ ¼ KerðLÞ: The inclusion KerðLÞDKerðL2Þ
being clear, we prove the reverse inclusion. Let fACðGÞ be such that LðLð f ÞÞ ¼
u2f ¼ 0: Then, for any vABðGÞ; /uf ; vuS ¼ 0: In particular, for any aAAðGÞ;
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/uf ; auS ¼ 0: Since for any aAAðGÞ; /uf ; auS ¼ 0; the functional uf vanishes on
TðAðGÞÞ ¼ AðGÞu: Since, for aAKerðTÞ; /uf ; aS ¼ /f ; auS ¼ 0; uf vanishes on
KerðTÞ too. Hence, the ideal TðAðGÞÞ þ KerðTÞ being dense in AðGÞ; uf ¼ 0 on
AðGÞ: Thus Lð f Þ ¼ 0; and KerðL2Þ ¼ KerðLÞ: &
We do not know whether this result holds or not without amenability hypothesis
on G: The next result is the noncommutative version of the Glicksberg–Host–
Parreau Theorem. The proof of this result, being now immediate, is omitted.
Theorem 2.7. Let G be a locally compact amenable group and I be a closed ideal of
BðGÞ: Then the ideal I has a unit element iff it is a principal ideal.
3. An abstract form of the Glicksberg–Host–Parreau Theorem
In this section our aim is to present an abstract version of the Glicksberg–Host–
Parreau Theorem. This will permit us to see better what lies behind this result.
Let A be a commutative semisimple Banach algebra having a BAI ðeaÞaAI : On the
second dual of A we put the ﬁrst Arens multiplication, which is deﬁned in three steps
as follows. Let m; nAA; fAA and a; bAA: Then the elements mn of A; nf and fa
of A are deﬁned by
/fa; bS ¼/f ; abS
/mf ; aS ¼/m; faS;
and
/mn; fS ¼ /m; nfS:
With this product, A is a Banach algebra and A is in the center of it. Let e be a
weak-star cluster point of the BAI ðeaÞaAI : This e is chosen once for all and will be
kept ﬁxed throughout this section. This element e is a right identity in A (i.e.
me ¼ m for all mAA), so an idempotent. Hence PðmÞ ¼ em is a bounded projection
on A; which induces the decomposition A ¼ PðAÞ"ðI 
 PðAÞÞ: This
decomposition will be denoted simply as A ¼ eA þ ð1
 eÞA: On the other
hand, let AA ¼ f fa : fAA and aAAg: This is a closed subspace of A and its dual
can be identiﬁed with the subspace eA of A; see for instance [13, Section 3]. For
any TAMðAÞ; Tð faÞ ¼ Tð f Þa so that TðAAÞDTðAÞA: In particular,
/Tð faÞ; eS ¼ /Tð f Þ; aS ¼ /f ; TðaÞS:
The multiplier algebra MðAÞ embeds continuously into eA by (see [14])
T/eTðeÞ:
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As jj fajjpjjf jj:jjajj and
sup
jj fajjp1
j/eTðeÞ; faSj ¼ sup
jj fajjp1
j/Tð f Þ; aSjXjjT jj;
this embedding of the algebra MðAÞ into eA is topological. Now on we regard
MðAÞ as a subspace of eA; embedded in the indicated way. We assume that there
exists a closed subspace X of AA; invariant under each T ðTAMðAÞÞ; such that
MðAÞ identiﬁes naturally with X : Here the word ‘‘naturally’’ means that in the
duality ðX ; X Þ; TAX  acts on an element f ¼ ga of X through the formula
Tð f Þ ¼ /g; TðaÞS: Hence the quantity Tð f Þ is the same as /f ; eTðeÞS in
ðAA; eAÞ-duality so that Tð f Þ ¼ /f ; eTðeÞS ¼ /f ; TS: So, the notation
/f ; TS for Tð f Þ is unambiguous and /f ; TS ¼ Tð f Þ: One consequence to be
noted of the hypothesis that X is invariant under each T ðTAMðAÞÞ is that in MðAÞ
the multiplication is separately weak-star continuous.
In the rest of the paper, A will be a commutative semisimple Banach algebra with a
BAI and the letter X will have the meaning assigned to it in the preceding paragraph.
The following classical Banach algebras ﬁt perfectly into the abstract scheme
described above.
(1) A ¼ L1ðGÞ; the group algebra of a locally compact abelian group G; with
X ¼ C0ðGÞ; the space of the continuous functions on G that vanish at inﬁnity.
(2) A ¼ AðGÞ; the Fourier algebra of a locally compact amenable group G; with
X ¼ CðGÞ; the group C-algebra of G [4].
(3) A ¼ ApðGÞ ð1opoNÞ; the Herz–Figa–Talamanca algebra of a locally
compact amenable group G; with X ¼ PFpðGÞ; the space of the pseudo-functions
on G [8].
These are not the only Banach algebras that ﬁt in the scheme described above. For
instance, any commutative semisimple Banach algebra A with a BAI which is an
ideal in its second dual, with X ¼ AA; also ﬁts into this scheme.
Finally at this point, we recall that the algebra ApðGÞ is a commutative semisimple
regular Tauberian Banach algebra; it has a BAI iff G is amenable and that, for p ¼ 2;
ApðGÞ ¼ AðGÞ: Moreover, if G is abelian, AðGÞ ¼ L1ð bGÞ (via Fourier transform),
where bG is the dual group of G: The Gelfand spectrum of ApðGÞ; via Dirac measures,
is G; and, when G is amenable, the multiplier algebra of ApðGÞ is BpðGÞ; the space of
p-pseudomeasures on G [15, Section 19].
The next result is aimed to clarify, for a multiplier TAMðAÞ; the connections
between the closedness of the spaces T3MðAÞ; TðAÞ and LðXÞ; where L : X-X is the
linear operator associated to the multiplier T through the formula Lð f Þ ¼ Tð f Þ:
Lemma 3.1. Let T : A-A be a multiplier on A and L : X-X be the linear operator
associated to T through the formula Lð f Þ ¼ Tð f Þ: Then the following equivalences
hold:
(a) The ideal T3MðAÞ is closed in MðAÞ iff the range LðX Þ of L is closed in X :
(b) The ideal T3MðAÞ is closed in MðAÞ iff the ideal TðAÞ is closed in A:
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Proof. (a) To prove this equivalence, it is enough to see what L : MðAÞ-MðAÞ is.
Indeed, for SAMðAÞ; and fAX ;
/LðSÞ; fS ¼ /S; Lð f ÞS ¼ /S; Tð f ÞS ¼ /TS; fS:
More precisely,
/LðSÞ; fS ¼/Tð f Þ; eSðeÞS ¼ /f ; TðeðSðeÞÞS
¼/f ; eTðSðeÞÞS ¼ /f ; eðT3SÞðeÞS ¼ /f ; T3SS
so that LðSÞ ¼ TS: Hence the ideal T3MðAÞ is closed in MðAÞ iff the range LðX Þ of
L is closed in X : Observe that when T3MðAÞ is closed in MðAÞ it is in fact weak-star
closed.
(b) To prove the second equivalence, ﬁrst suppose that T3MðAÞ is closed in MðAÞ:
Let, for aAA; ta : A-A be the multiplier deﬁned by taðxÞ ¼ ax: Since A has a BAI,
the mapping a/ta is an isomorphism from A onto a closed ideal of MðAÞ: Now let
H ¼ fSAMðAÞ : T3S ¼ 0g: This is a closed ideal of MðAÞ and, for xAKerðTÞ;
txAH: Now deﬁne the mapping
j : A=KerðTÞ-MðAÞ=H
by jðta þ KerðTÞÞ ¼ ta þ H: As jjta þ Hjjpjja þ KerðTÞjj; j is continuous. Now
remark that, for any SAH and aAA; SðaÞAKerðTÞ: Hence, since A has a BAI
ðeaÞaAI ; for any aAA and SAH; we have
jjta þ Sjj ¼ supfjjtaðxÞ þ SðxÞjj : jjxjjp1gX1=bjjaea þ SðeaÞjj
X 1=bjjaea þ KerðTÞjjX1=2bjja þ KerðTÞjj;
where b is a constant such that jjea=bjjp1 for each aAI : From these inequalities
we see that j is an isomorphism, and so its range is closed in MðAÞ=H: On the
other hand, since the ideal T3MðAÞ is closed in MðAÞ; the mapping F :
MðAÞ=H-T3MðAÞ deﬁned by FðS þ HÞ ¼ T3S is an onto isomorphism. Hence
Fð jðA=KerðTÞÞ is closed, so a Banach subspace of T3MðAÞ: As, for aAA; Fð jða þ
KerðTÞÞ ¼ T3ta; we conclude that TðAÞ is a Banach space, so closed in A:
Conversely, suppose that TðAÞ is closed in A: Let ðT3SnÞnAN be a sequence in
T3MðAÞ that converges to some multiplier R in MðAÞ: Then, for any xAA;
TðSnðxÞÞ-RðxÞ in A: Hence RðxÞATðAÞ so that RðAÞDTðAÞ: Hence every RðaÞ is a
TðbÞ for some bAA: Now we deﬁne a mapping y : A-A=KerðTÞ as follows:
yðaÞ ¼ b þ kerðTÞ;
where b is such that RðaÞ ¼ TðbÞ: This is a well-deﬁned linear mapping. Let us see
that it is continuous. Suppose that, for some sequence ðanÞnAN in A;
an-a and yðanÞ ¼ bn þ kerðTÞ-b þ KerðTÞ;
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where bn is such that RðanÞ ¼ TðbnÞ: As R is continuous, RðanÞ-RðaÞ: Since bn þ
KerðTÞ-b þ KerðTÞ; and since the mapping eT : A=KerðTÞ-TðAÞ; deﬁned by
eTðx þ KerðTÞÞ ¼ TðxÞ; is continuous, TðbnÞ-TðbÞ too. As RðanÞ ¼ TðbnÞ and
RðanÞ-RðaÞ; we see that RðaÞ ¼ TðbÞ: Then yðaÞ ¼ b þ KerðTÞ so that, by the
Closed Graph Theorem, y is continuous. Hence its adjoint y : TðAÞ-A is also
continuous. To see what y is, let Tð f Þ be an element of TðAÞ: Then, for aAA;
/yðTð f ÞÞ; aS ¼ /Tð f Þ; yðaÞS ¼ /f ; TðbÞS;
where b is such that RðaÞ ¼ TðbÞ: Hence yðTð f ÞÞ ¼ Rð f Þ: Next deﬁne a
functional f : TðXÞ-C by
fðTð f ÞÞ ¼ /R; fS:
Since TðX ÞDTðAÞA and, since for any ga in AA; /ga; eS ¼ /g; aS; from the
equality yðTð f ÞÞ ¼ Rð f Þ; we get that
jfðTð f ÞÞj ¼ j/R; fSj ¼ j/f ; eRðeÞSj ¼ j/Rð f Þ; eSj
¼ j/yðTð f ÞÞ; eSj ¼ j/Tð f Þ; yðeÞSjpjjTð f Þjj:jjyðeÞjj:
Hence f is a continuous functional on the subspace TðX Þ of X : Let S be a Hahn–
Banach extension of it to the space X so that SAMðAÞ and, for any fAX ;
/S; Tð f ÞS ¼ /R; fS: Hence R ¼ T3S; and the ideal T3MðAÞ is closed in
MðAÞ: &
Now let T : A-A be a multiplier with closed range. Associate to T the linear
operator L : X-X deﬁned through the formula Lð f Þ ¼ Tð f Þ: Then, by the
preceding lemma, LðXÞ is closed in X and LðMðAÞÞ ¼ T3MðAÞ is closed in MðAÞ:
Hence, by Theorem 2.5, the ideal T3MðAÞ is unital iff KerðL2Þ ¼ KerðLÞ: In deciding
when KerðL2Þ ¼ KerðLÞ; the key observation is the following.
Lemma 3.2. Let T : A-A be a multiplier with closed range and L : X-X be the
linear operator associated to it through the formula Lð f Þ ¼ Tð f Þ: Then KerðL2Þ ¼
KerðLÞ iff TðAÞ þ KerðTÞ ¼ A:
Proof. Indeed, suppose ﬁrst that KerðL2Þ ¼ KerðLÞ: Then, by Theorem 2.5 and
Lemma 2.1, T factors as a product of an invertible multiplier R and an idempotent
multiplier y: Then TðAÞ ¼ yðAÞ and KerðTÞ ¼ KerðyÞ: Hence, y being a projection,
TðAÞ þ KerðTÞ ¼ yðAÞ þ KerðyÞ ¼ A: Conversely, suppose that TðAÞ þ KerðTÞ ¼
A: Let fAX be such that L2ð f Þ ¼ TðTð f ÞÞ ¼ 0: Then, clearly Tð f Þ vanishes on
the subspace TðAÞ þ KerðTÞ of A: This subspace being dense in A; we conclude that
Lð f Þ ¼ Tð f Þ ¼ 0: Hence KerðL2ÞDKerðLÞ: The reverse inclusion being always
true, KerðL2Þ ¼ KerðLÞ: &
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In the following results our concerning will be the density of the ideal TðAÞ þ
KerðTÞ in the algebra A: To this end the following notion, which is a weak form of
the Urysohn Lemma adapted to the algebra A; has turned out to be quite useful [16]:
An open subset O of DðAÞ will be called a ‘‘u-set with respect to the algebra A’’ if
there is a constant c40 such that, for each fAO; there is an element aAA with
bað f Þ ¼ 1; jjajjpc and the support of ba is contained in the set O:
Lemma 3.3. For any locally compact group G and 1opoN; every open subset O of G
is a u-set with respect to the algebra ApðGÞ:
Proof. Let O be an open subset of G and f be an element of O: Let F ¼ G\O and, as
in the proof of Lemma 2.6, let U be a compact neighborhood of the identity element
of G such that fUU
1-F ¼ |: Let b ¼ wUmðUÞ and c ¼ wfU : Here wU is the characteristic
function of U and m is the left Haar measure of G: The function c is in LpðGÞ and the
function b in LqðGÞ ð1=p þ 1=q ¼ 1Þ so that a ¼ c  b3 (here b3ðgÞ ¼ bðg
1ÞÞ is in
ApðGÞ; its norm is one, að f Þ ¼ 1 and the support of a is contained in O: Hence O is a
u-set with respect to the algebra ApðGÞ: &
The Gelfand spectrum DðMðAÞÞ of the algebra MðAÞ is the union of the set DðAÞ
and the set HðAÞ; the hull of A; where A is considered as an ideal in MðAÞ [10].
The set DðAÞ is open in MðAÞ but is far from being dense in it (Wiener–Pitt
phenomenon). For a multiplier T on A; by bT : DðMðAÞÞ-C we denote its Gelfand
transform. Let DðTÞ ¼ f fADðAÞ : bTð f Þa0g and dðTÞ ¼ inffj bTð f Þj : fADðTÞg:
Theorem 3.4. Suppose that the algebra A is also regular and Tauberian. Then, for any
multiplier T : A-A with a closed range, the following three assertions are equivalent:
(a) TðAÞ þ KerðTÞ is dense in A:
(b) dðTÞ40:
(c) The set DðTÞ is a u-set with respect to the algebra A:
Proof. ðaÞ ) ðbÞ: Suppose that TðAÞ þ KerðTÞ is dense in A: Then, by Lemma 3.2,
T factors as a product of an invertible multiplier S and an idempotent multiplier
y: Then DðTÞ ¼ DðyÞ and, for fADðTÞ; bTð f Þ ¼ bSð f Þ: Since S is invertible,
inffjbSð f Þj : fADðMðAÞÞg40: From this we conclude that
dðTÞ ¼ inffj bTð f Þj : fADðTÞg40:
Implication ðbÞ ) ðcÞ is proved in [16, Theorem 2.12]. To prove implication ðcÞ ) ðaÞ;
we ﬁrst remark that, as one can see it immediately, DðTÞ is the Gelfand spectrum of
the ideal TðAÞ and D0ðTÞ ¼ f fADðAÞ : bTð f Þ ¼ 0g is its hull. Now suppose that
DðTÞ is a u-set with respect to the algebra A: So there is a constant c40 such that,
for each fADðTÞ; there is an element aAA for which jjajjpc; /a; fS ¼ 1 and the
support of a
4
is contained in DðTÞ: Fix an fADðTÞ and let aAA be such that jjajjpc;
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SuppðbaÞDDðTÞ and /a; fS ¼ 1: Let I be the closure of the ideal
fxAA : Suppðx4Þ is compact and bx is null on an open set Ox containing D0ðTÞg:
Then, since the hull of the closed ideal TðAÞ is D0ðTÞ; IDTðAÞ [2, Proposition
4.1.20, p. 414]. Let ðanÞnAN be a sequence in A such that the support of each ban is
compact and jjan 
 ajj-0: As the support of a4 is contained in DðTÞ; ba is null on an
open set Oa containing D0ðTÞ so that, for each nAN; the product aan is in the ideal I ;
so in TðAÞ: Hence a2 is in TðAÞ so that a2 ¼ TðbÞ for some bAA: Since TðAÞ is
closed in A; by The Open Mapping Theorem, we can assume that the norm of b is
less that a certain constant c1; which depends on c but not on a or f : This constant
being independent from the f chosen in DðTÞ;
1 ¼ /a2; fS ¼ /TðbÞ; fS ¼ bTð f Þ/b; fSpj bTð f Þj : c1
so that inffj bTð f Þj : fADðTÞgX1=c1: Hence dðTÞ40: In particular, the set DðTÞ;
which is open in DðAÞ; is closed in DðAÞ: Hence, since A is regular, Tauberian and
has a BAI, the sets DðTÞ and D0ðTÞ are sets of synthesis so that TðAÞ ¼ kerðD0ðTÞÞ:
Since the hull of the ideal T2ðAÞ is also D0ðTÞ; the ideal T2ðAÞ is dense in TðAÞ:
Hence, by Proposition 2.2, the ideal TðAÞ þ KerðTÞ is dense in A: &
Theorem 3.4 together with Lemma 3.3 imply the following result.
Lemma 3.5. Let G be a locally compact amenable group, 1opoN and A ¼ ApðGÞ:
Then, for any multiplier T with closed range on A; TðAÞ þ KerðTÞ is dense in A:
Another large class of Banach algebras A for which the ideal TðAÞ þ KerðTÞ is
dense in A whenever TðAÞ is closed in A is given in the next result.
Proposition 3.6. Suppose that the spectrum DðAÞ of the algebra is discrete and A is
Tauberian. Then for any multiplier T : A-A with closed range, the ideal TðAÞ þ
KerðTÞ is dense in A:
Proof. First we observe that, DðAÞ being discrete, the algebra A is regular. For any
fADðAÞ; by Shilov Idempotent Theorem, there is an element a such that ba is the
characteristic function of the one-point set {f }. Then, as one can see immediately,
TðaÞ ¼ bTð f Þa: Hence aATðAÞ if bTð f Þa0; and aAKerðTÞ if bTð f Þ ¼ 0: So, a
belongs to the ideal TðAÞ þ KerðTÞ: This implies that the set Ac ¼ faAA : SuppðbaÞ is
compactg is contained in the ideal TðAÞ þ KerðTÞ: Hence, the algebra A being
regular and Tauberian, we conclude that TðAÞ þ KerðTÞ is dense in A: &
The next result, which is our second main result, is an abstract analogue of the
Glicksberg–Host–Parreau Theorem. We state this result under its full hypotheses.
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Theorem 3.7. Let A be a commutative semisimple regular Tauberian Banach algebra
with a BAI. Suppose that every open subset of DðAÞ is a u-set with respect to A and that
the multiplier algebra MðAÞ of A can be identified in a natural way with the dual of a
closed subspace X of AA which is invariant under each T ðTAMðAÞÞ: Then
(a) A closed ideal of MðAÞ is unital iff it is a principal ideal.
(b) The range of a multiplier T is closed in A iff T is the product of an invertible
multiplier and an idempotent multiplier.
Proof. We just sketch the proof of this theorem, which is almost immediate. Suppose
ﬁrst that, for some TAMðAÞ; the ideal T3MðAÞ is closed in MðAÞ: The
multiplication in MðAÞ being weak-star continuous, T3MðAÞ ¼ LðMðAÞÞ for some
continuous linear operator L : X-X : This linear operator is given by Lð f Þ ¼
Tð f Þ on the subspace X of AA: By Theorem 3.4, TðAÞ þ KerðTÞ is dense in A:
Hence, by Proposition 2.3, KerðL2Þ ¼ KerðLÞ: Then, by Theorem 2.5, T3MðAÞ has a
unit element. The other implication being trivial, assertion (a) is proved. Assertion
(b) follows now from Lemmas 2.1 and 3.1. &
The proof of the next result, which is an immediate application of the preceding
theorem and Lemma 3.5, is omitted.
Corollary 3.8. Let G be a locally compact amenable group, 1opoN and uABpðGÞ be
a given element. Then the ideal ApðGÞu is closed in ApðGÞ iff u factors as u ¼ by; where
bABpðGÞ is invertible and yABpðGÞ is idempotent.
In the case where DðAÞ is discrete we have a fairly complete information about the
ideals of the algebra A that possess a BAI.
Theorem 3.9. Suppose that the algebra A is Tauberian and its spectrum DðAÞ is
discrete. Then, for a closed ideal I of A; the following assertions are equivalent:
(a) The ideal I has a BAI.
(b) There is a multiplier T : A-A such that I ¼ TðAÞ:
(c) There is an idempotent multiplier y : A-A such that I ¼ yðAÞ:
(d) There is a closed ideal J in A such that I"J ¼ A:
Proof. Let Ac ¼ faAA : SuppðbaÞ is compactg and, for each aAA; ta : A-A be the
multiplication operator deﬁned by taðxÞ ¼ ax: For aAAc; ta is a ﬁnite-rank operator,
so it is compact. Hence, A being Tauberian, for each aAA; ta is compact so that A is
an ideal in its second dual A: Hence the multiplier algebra MðAÞ of A can be
identiﬁed with the subspace eA of A: This being observed, to prove that (a)
implies (b), let I be a closed ideal in A with a BAI ðdaÞaAI : Let E be the hull of the
ideal I and u be a weak-star cluster point of the net ðdaÞaAI in A: Then uAI;
/u; fS ¼ 0 for each fAE; and /u; fS ¼ 1 for each fADðIÞ: Let T : A-A be the
multiplier deﬁned by TðaÞ ¼ au: Then T is an idempotent multiplier and, by
semisimplicity of A; TðAÞ ¼ Au ¼ I : To prove implication ðbÞ ) ðcÞ; suppose that
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(b) holds. Then, by Proposition 3.6, TðAÞ þ KerðTÞ is dense in A: Hence, by Lemma
3.2, KerðL2Þ ¼ KerðLÞ: Here L : AA-AA is the mapping deﬁned by Lð f Þ ¼
Tð f Þ: Hence, by Lemma 3.1 and Theorem 2.5, T factors as a product of an
idempotent multiplier yAMðAÞ and an invertible multiplier SAMðAÞ: So I ¼
TðAÞ ¼ yðAÞ: Implications ðcÞ ) ðdÞ and ðdÞ ) ðaÞ are immediate. &
As a simple application of the preceding theorem, consider the space c0 of the
complex sequences that converge to zero. Let A ¼ c0c#c0 be the projective tensor
product algebra of c0 by itself. This is not a C
-algebra of course. This algebra
satisﬁes all the hypothesis of the preceding theorem. Hence every closed ideal I of A
with a BAI is complemented in A:
We ﬁnish the paper with the following observation. Let A be as in Theorem 3.7
above, and let us say that a complemented ideal I of A is ‘‘invariantly
complemented’’ if I ¼ yðAÞ for some idempotent multiplier yAMðAÞ: Then, since
the multiplier algebra of MðAÞ is itself, y3MðAÞ is also an invariantly complemented
ideal in MðAÞ: Since A has a BAI, A is weak-star dense in MðAÞ: This implies that
the ideal yðAÞ is weak-star dense in the ideal y3MðAÞ: Conversely, by Theorem 3.7,
since every closed unital ideal of MðAÞ is of the form y3MðAÞ for some idempotent
multiplier yAMðAÞ; we see that there exists a bijective correspondence between the
set of the invariantly complemented ideals of A and the set of the invariantly
complemented ideals of MðAÞ: In the case where A ¼ AðGÞ is the Fourier algebra of
an amenable group G; there also exists a one-to-one correspondence between the set
of the idempotent elements of MðAÞ ¼ BðGÞ and the coset ring RðGÞ generated by
the cosets of the open subgroups of G: It happens that there also exists an abstract
version of this theorem of Host [6] so that it is possible to characterize, for an
abstract Banach algebra A as above, the invariantly complemented ideals of A in
term of certain subsets of the Gelfand spectrum DðAÞ of A: For this result we refer
the reader to the paper [16, Lemma 3.9 and Theorem 3.10].
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